Recent progress in theory, experiment and observation challenges the mean field models using the conventional Skyrme interaction, suggesting that the extension of the conventional Skyrme interaction is necessary. In this work, by fitting the experimental data of a number of finite nuclei together with a few additional constraints on nuclear matter using the simulated annealing method, we construct three Skyrme interaction parameter sets, namely, eMSL07, eMSL08 and eMSL09, based on an extended Skyrme interaction which includes additional momentum and density dependent twobody forces to effectively simulate the momentum dependence of the three-body force. The three new interactions can reasonably describe the ground-state properties and the isoscalar giant monopole resonance energies of various spherical nuclei used in the fit as well as the ground-state properties of many other spherical nuclei, nicely conform to the current knowledge on the equation of state of asymmetric nuclear matter, eliminate the notorious unphysical instabilities of symmetric nuclear matter and pure neutron matter up to a very high density of 1.2 fm −3 , and simultaneously support heavier neutron stars with mass larger than two times solar mass. One important difference of the three new interactions is about the prediction of the symmetry energy at supra-saturation densities, and these new interactions are thus potentially useful for the determination of the largely uncertain high-density symmetry energy in future. In addition, a comparison is made for the predictions of nuclear matter, finite nuclei and neutron stars with the three new interactions versus those with three typical interactions BSk22, BSk24 and BSk26 from Brussels group.
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I. INTRODUCTION
The exact knowledge on infinite nuclear matter, which is intimately related to the in-medium effective nuclear interactions, is of fundamental importance in nuclear physics and astrophysics [1] [2] [3] [4] . Especially, the equation of state (EOS) of isospin asymmetric nuclear matter is the main ingredient in the study of neutron stars. In principle, the nuclear matter EOS can be obtained from various microscopic many-body approaches, e.g., the nonrelativistic and relativistic Brueckner-Hartree-Fock (BHF) method [5] [6] [7] , the variational many-body approach [8, 9] , quantum Monte Carlo (QMC) method [10] [11] [12] and chiral effective field theory (ChEFT) [13, 14] , using realistic nuclear forces. However, due to the poorly known manybody interactions and the limitations in the techniques for solving the nuclear many-body problem, accurate determination of properties of nuclear matter around and beyond saturation density ρ 0 is still an open challenge for microscopic many-body theory. Another different perspective is the mean field model using phenomenological nuclear effective interactions with several parameters adjusted by fitting experimental data [15] . Among various phenomenological interactions, the nonrelativistic zerorange density and momentum-dependent Skyrme-type effective nucleon-nucleon interactions perhaps are the most * Corresponding author (email: lwchen@sjtu.edu.cn) widely used. Proposed by Skyrme in the 1950s [16] and firstly applied in the study of finite nuclei in Hartree-Fock (HF) calculations by Brink and Vautherin in 1970s [17] , the Skyrme interaction enormously simplifies the calculations with its zero-range form and has been very successfully used to describe the masses, charge radii and excited states of finite nuclei as well as the EOS of nuclear matter around ρ 0 . Moreover, extrapolation to highdensity region based on the Skyrme-Hartree-Fock (SHF) model provides an important approach to investigate the properties of dense nuclear matter and the relevant astrophysics problems, especially the properties of neutron stars.
Since 1970s, a lot of work has been devoted to improving the Skyrme interaction to better reproduce the experimental data or describe different physical objects. Recently, much attention has been given to the problem of searching for effective interactions or energy density functionals (EDFs) which could simultaneously reproduce the properties of nuclear matter and finite nuclei, and at the same time be applicable for the study of neutron stars [15, [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . This problem is of particular interest as two very heavy neutron stars with mass of two times solar mass (2M ⊙ ) have been observed recently [31, 32] , which requires the pressure of high-density nuclear matter should be large enough to support such massive neutron stars against the strong gravity. This requirement is a big challenge for many theoretical models and indeed rules out essentially all the soft nuclear matter EOSs. Given the EOS of symmetric nuclear matter has been relatively well constrained even up to about 5ρ 0 by analyzing the experimental data on giant resonances of finite nuclei [33] [34] [35] as well as the collective flows and kaon production in heavy-ion collisions [36] [37] [38] , a softer symmetry energy at high densities has been essentially ruled out by the observation of 2M ⊙ neutron stars. It should be pointed out that some new physical mechanisms, such as non-Newtonian gravity [39] [40] [41] [42] , may support 2M ⊙ neutron stars with a soft symmetry energy. In the present work we shall focus on the standard nuclear physics without considering these new physics.
During the last decade, considerable progress in determining the symmetry energy or neutron matter EOS at subsaturation densities has been made, both theoretically and experimentally. Indeed, it has been well established that the binding energy of finite nuclei can put rather stringent constraints on the symmetry energy at a subsaturation density ρ ≈ (2/3)ρ 0 [43] [44] [45] [46] [47] [48] . For the symmetry energy at an even lower density ρ ≈ ρ 0 /3, it has been shown recently [49] that the measurement of the electric dipole polarizability in 208 Pb can give a quite accurate constraint and the result is in very good agreement with the constraints from SHF analyses of isobaric analog states and neutron skin data [46] as well as the transport model analyses of mid-peripheral heavy-ion collisions of Sn isotopes [50] . For pure neutron matter, very similarly, the binding energy per neutron around subsaturation densities (2/3)ρ 0 and ρ 0 /3 has been constrained recently by analyzing the ground-state properties of doubly magic nuclei [48] and the electric dipole polarizability in 208 Pb [49] , respectively. In addition, the calculations based on the microscopic ChEFT [14] as well as the QMC calculations [10] [11] [12] have also provided very useful information on the EOS of pure neutron matter, especially at subsaturation densities. These theoretical and experimental constraints consistently favor a relatively soft symmetry energy or EOS of asymmetric nuclear matter, at least at subsaturation densities around (2/3)ρ 0 . The symmetry energy softer at subsaturation densities (favored by experimental constraints and theoretical predictions) but stiffer at higher densities (favored by the observation of 2M ⊙ neutron stars ) challenges the SHF model with the conventional Skyrme interactions. For example, the Skyrme interaction TOVmin [26] , which is built by fitting properties of both finite nuclei and neutron stars, can successfully support 2M ⊙ neutron stars but predicts a neutron matter EOS significantly deviating from the ChEFT calculations [14] as well as the constraint extracted from analyzing the electric dipole polarizability in 208 Pb [49] at densities below about 0.5ρ 0 .
Furthermore, it is well known that a notorious shortcoming of the conventional standard Skyrme interactions is that they predicts various instabilities of nuclear matter around saturation density or at supra-saturation densities, which in principle hinders the application of the Skyrme interactions in the study of dense nuclear matter as well as neutron stars. For instance, most of the conventional standard Skyrme interactions predict spin or spin-isospin polarization in the density region of about (1 ∼ 3.5)ρ 0 [24, 52] , including the famous SLy4 interaction [19] which has been widely used in both nuclear physics and neutron star studies and leads to spin-isospin instability of symmetric nuclear matter at densities beyond about 2ρ 0 [51] . On the other hand, the calculations based on the microscopic many-body theory using realistic nuclear forces, such as relativistic and nonrelativistic BHF approach [53, 54] , the QMC method [55] , the ChEFT method [56] , and the lowest order constrained variational approach [57] , predict no such instabilities at densities up to substantially high densities. To solve this problem, Margueron and Sagawa proposed an extended form of the Skyrme interaction with additional density-dependent terms [58] , while Chamel et al. introduced momentum and density dependent terms which are density-dependent generalizations of the usual t 1 and t 2 terms in the conventional standard Skyrme interaction [22] . In Ref. [51] , Chamel and Goriely find that the spin and spin-isospin instabilities can be removed by omitting the time-odd terms in (s n + s p ) × (T n + T p ) and
In Ref. [24] , Dutra et al. find that, of 240 standard Skyrme interactions, only 6 satisfy all eleven constraints on the properties of nuclear matter selected therein. However, we would like to point out that all the 6 Skyrme interactions predict spin or spin-isospin instabilities below 3ρ 0 and fail to produce 2M ⊙ neutron stars. In addition, the Skyrme interactions constrained only from nuclear matter properties usually have no common ability to reproduce properties of finite nuclei [60] . A feasible approach to address the above problems existed in the conventional standard Skyrme interactions is to extend the Skyrme interaction by including additional terms to effectively simulate the momentum dependence of the threebody force [22, 23, 27, 30, [61] [62] [63] . In this work, based on the extended Skyrme interaction, we use the simulated annealing method [64] to construct three Skyrme interaction parameter sets, namely, eMSL07, eMSL08 and eMSL09, by fitting the experimental data of ground-state properties and isoscalar giant monopole resonance (IS-GMR) energies of some finite nuclei together with a few additional constraints on properties of nuclear matter. Our main purpose here is to construct parameter sets of the extended Skyrme interaction that can reasonably describe the properties of finite (closed-shell or semi-closedshell) nuclei, satisfy the most recent constraints on nuclear matter, especially the EOS of asymmetric nuclear matter at subsaturation densities, eliminate the unphysical instabilities of nuclear matter in the density region encountered in neutron stars, and successfully support 2M ⊙ neutron stars. In addition, a comparison is made for the predictions of nuclear matter, finite nuclei and neutron stars with the new interactions constructed in the present work versus those with the accurately calibrated interactions BSk22, BSk24 and BSk26 [27] from Brussels group. Although constructed with a different strategy from that of the Brussels group, the new extended Skyrme interactions obtained in the present work give predictions for nuclear matter and neutron stars that are very similar with the calculations using the extended Skyrme interactions in BSk family [27] , which are constructed mainly for accurately describing the nuclear mass. Furthermore, although the three new interactions constructed in the present work give very similar predictions of the properties of finite nuclei as well as nuclear matter at subsaturation densities, they predict different supra-saturation density behaviors of the symmetry energy, and these new interactions are thus potentially useful for the determination of the largely uncertain high-density symmetry energy in future.
The paper is organized as follows. In Sec. II, we introduce the form of the extended Skyrme interaction and the energy density functional adopted in this work. In Sec. III, the experimental data and constraints used in our fitting are presented. The parameter sets of three new extended Skyrme interactions and the corresponding results are exhibited in Sec. IV. Finally, we summarize our conclusions in Sec V. Appendix A gives the expressions for several macroscopic quantities in the extended SHF model and Appendix B presents the analytical relations between the chosen macroscopic quantities and the microscopic Skyrme parameters.
II. MODELS AND METHODS

A. Extended Skyrme-Hartree-Fock model
In the conventional SHF model, nucleons generally interact with each other through the so-called standard Skyrme interaction (see, e.g., Ref. [18] )
where σ i is the Pauli spin operator, P σ is the spinexchange operator, k = −i(∇ 1 − ∇ 2 )/2 is the relative momentum operator, and k ′ is the conjugate operator of k acting on the left.
In the present work, to effectively take account of the momentum dependence of the three body interaction, we use the extended Skyrme interaction with the following additional zero-range density-and momentum-dependent terms [22, 23, 27, 30, [61] [62] [63] 
which are just the density dependent generalization of the t 1 and t 2 terms in Eq. (1). For simplicity, β and γ are set to be unity in the present work, just like the form used in Ref. [61] [62] [63] . It should be noted that in HF calculations the zero-range momentum dependent three-body force is equivalent to a momentum and density dependent twobody force for spin-saturated systems, and the original values of β and γ are just unity [65] . Therefore, there are thirteen adjustable Skyrme parameters t 0 ∼ t 5 , x 0 ∼ x 5 and α in the present extended Skyrme interaction. In Hartree-Fock approach with the extended Skyrme interaction, the total energy density of a nucleus can be expressed as
where K = 2 2m τ is the kinetic-energy term and H 0 , H 3 , H eff , H fin , H SO , H sg are given by [22] 
Here, ρ = ρ n + ρ p , τ = τ n + τ p , and J = J p + J n are the particle number density, kinetic-energy density, and spin density, with p and n denoting the protons and neutrons, respectively. The Coulomb energy density can be expressed as
where H dir Coul is the direct term of the form
and H exc Coul is the exchange term
In the present work, we include the center-of-mass correction in the first order to the binding energy by modifying nucleon mass m to mA/(A − 1) with A the nucleon number. The pairing energy is evaluated in the constant gap approximation with the gap [66] 
We would also like to point out that the contributions of spin current tensor terms J 2 and J 2 q are also included in our calculations.
B. Skyrme parameters and macroscopic quantities of nuclear matter
The expression Eq. (3) can be rewritten as
where G S is the gradient coefficient, G V is the symmetrygradient coefficient, G SV is the cross gradient coefficient, and δ = ρ 1 /ρ is the isospin asymmetry with ρ 1 = ρ n −ρ p . In the limit of infinite static nuclear matter, the sum of K + H 0 + H 3 + H eff corresponds to the nuclear matter energy density ρE(ρ, δ) where E(ρ, δ) is just the EOS of asymmetric nuclear matter. Conventionally, some macroscopic quantities are introduced to characterize the EOS of asymmetric nuclear matter. For example, the E(ρ, δ) can be expanded as
where E 0 (ρ) is the EOS of symmetric nuclear matter and E sym (ρ) is the symmetry energy. The E 0 (ρ) is usually expanded around saturation density ρ 0 in terms of the incompressibility coefficient K 0 and the skewness coefficient J 0 as
with χ = (ρ − ρ 0 )/(3ρ 0 ). Similarly, the E sym (ρ) can be expanded around a reference density ρ r in terms of the density slope parameter L and the density curvature parameter K sym as
L(ρ r ) and K sym (ρ r ) are six important macroscopic quantities that characterize the EOS of asymmetric nuclear matter.
According to the analysis method in the modified Skyrme-like (MSL) model with the standard Skyrme interaction [67, 68] , the nine Skyrme parameters t 0 ∼ t 3 , x 0 ∼ x 3 and α are expressed explicitly in terms of nine macroscopic quantities
the isoscalar effective mass at saturation density m * s,0 and isovector effective mass at saturation density m * v,0 . For the extended Skyrme interaction with thirteen Skyrme parameters in the present work, four additional macroscopic quantities are needed to determine the thirteen Skyrme parameters, and here we use the skewness coefficient J 0 , the density curvature parameter of the symmetry energy K sym (ρ r ), the cross gradient coefficient G SV and the Landau parameter G ′ 0 (ρ 0 ) of symmetric nuclear matter in the spin-isospin channel. Here J 0 and K sym (ρ r ), two higher-order quantities in nuclear matter EOS, may have important impacts on neutron star properties but are still poorly known [67, 69, 70] . The coefficient G SV vanishes in the standard SHF model. The Landau parameter G ′ 0 determines, to the leading order, the spin-isospin properties of nuclear matter and its value at saturation density can vary from about 0 to 1.6 depending on the models and methods [59, 64, [71] [72] [73] [74] [75] [76] . In Appendix A, we present the explicit expressions of several macroscopic quantities in the SHF model with the extended Skyrme interactions. And the analytical relations between the thirteen macroscopic quantities, i.e.,
, and the thirteen Skyrme parameters t 0 ∼ t 5 , x 0 ∼ x 5 and α with fixed β and γ can be found in Appendix B.
The MSL method, in which all the Skyrme parameters are expressed in terms of macroscopic quantities, provides a simple and convenient approach to consider theoretical, experimental or empirical constraints on the selected macroscopic quantities for the properties of asymmetric nuclear matter in the SHF calculations. Another important advantage of the MSL method is that one can easily examine the correlation of experimental data or observations with each individual macroscopic quantities by varying individually these macroscopic quantities within their empirical ranges [68] . In the present work, instead of making correlation analysis, we shall focus on building parameter sets of the extended Skyrme interactions.
C. Landau parameters
The stability of nuclear matter can be investigated using the Landau Fermi-liquid theory. In this approach, for symmetric nuclear matter, the interaction V (k, k ′ ) between two quasiparticles at Fermi surface with momentum k and k ′ is obtained from a second-order variation of the energy density E with respect to a variation of distribution function of the quasiparticles, and it can be usually written as
where P l is the Legendre polynomial, θ is the angle between k and k ′ , and N 0 is the level density at the Fermi surface defined as
where
is the Fermi momentum and m * s is the isoscalar effective mass at density ρ. F l , F ′ l , G l and G ′ l are the so-called dimensionless Landau parameters. For the Skyrme interaction containing only S and P wave contributions that we are considering in the present work, all Landau parameters vanish for l > 1. Therefore, there are eight Landau parameters for symmetric nuclear matter, i.e.,
. Explicit expressions of the Landau parameters for the extended Skyrme energy functional can be found in Ref. [22] .
The Landau stability conditions
guarantee the stability of symmetric nuclear matter against distortions of the momentum distribution functions in different channels. It is of particular interest to see that the conditions on F 0 , F ′ 0 , G 0 and G ′ 0 of symmetric nuclear matter ensure the stabilities of symmetric nuclear matter against spinodal instability, isospin instability, ferromagnetic instability and spin-isospin instability, respectively, which can be easily seen through the following relationships [23, 59] 
where E represents the energy density of nuclear matter. Here, in the notation of Ref. [59] , ρ 1 = (ρ n − ρ p ) is the isovector scalar density, s 0 = (ρ n↑ −ρ n↓ +ρ p↑ −ρ p↓ ) is the isoscalar vector density and s 1 = (ρ n↑ − ρ n↓ − ρ p↑ + ρ p↓ ) the isovector vector density with ↑ (↓) denoting spinup (-down). For usual nuclear matter with spin saturation, one has the EOS E(ρ, δ) = E(ρ, ρ 1 , 0, 0)/ρ, the incompressibility K(ρ) = 18ρ
, and then one can obtain from Eqs. (24) and (25) the following relations
In addition, F 1 and F ′ 1 are directly related to the isoscalar and isovector effective masses through the following expressions [23] 
The conditions F 1 > −3 and F ′ 1 > −3 are thus naturally satisfied at arbitrary densities for positive isoscalar and isovector effective masses. Moreover, under the assumption |E| ≪ mc 2 , the sound velocity v s in nuclear matter can be obtained from the relation mv 2 s ≈ K(ρ)/9, and thus in symmetric nuclear matter, from Eqs. (28) and (30) , one can also express the v s in terms of Landau parameters as [52] 
For pure neutron matter, there are only four Landau parameters
> −3 guarantee the stability of pure neutron matter against spin polarization -or ferromagnetic transition. Explicit expressions for Landau parameters of pure neutron matter can be found in Ref. [23] . Generally, a critical density ρ cr can be defined as the maximum density below which all the twelve Landau parameters of symmetric nuclear matter and pure neutron matter (except F 0 for symmetric nuclear matter at subsaturation density which leads to the well-known spinodal instability) satisfy the stability conditions.
For Skyrme interactions, as we pointed out before, to remove the spin and spin-isospin instabilities, one can omit the time-odd terms in (s n + s p ) × (T n + T p ) and (s n −s p )×(T n −T p ), namely set C T 0 = C T 1 = 0 in the notation of Ref. [59] . It should be noted that, as mentioned in Ref. [51] , with this prescription, the Landau parameters G 1 , G and J 2 q also should be dropped for self-consistence. In the present work, we will impose ρ cr > 1.2 fm −3 in the fitting procedure to construct the new parameter sets of the extended Skyrme interactions.
D. Isoscalar giant monopole resonance
The energy of the isoscalar giant monopole resonance -or the breathing mode -perhaps is the most important and efficient probe of the incompressibility of nuclear matter around ρ 0 . Thus we also include in our following fit the experimental data of the ISGMR energy for several spherical nuclei. The ISGMR energy is evaluated as
where m i are i-th energy weighted sum rules defined as
Here |ν is the RPA excitation state for the monopole operatorF = A i r 2 i . It is well established that the energy weighted sum rule m 1 can be evaluated as [77] 
where A is the nucleon number, m is the nucleon mass and r 2 is the ground-state rms radius. The moment m −1 can be calculated through the constrained-HF (CHF) approach [78, 79] 
where |λ is the HF ground state for the CHF HamiltonianĤ + λF . In this work, we calculate the ISGMR energy using Eqs. (33), (35) and (36) .
III. FITTING STRATEGY
In the present work, we use the simulated annealing method [64] to determine the parameters of the extended Skyrme interactions by minimizing the weighted sum of squared errors
where N d is the number of experimental data points, M exp i and M th i are the experimental and theoretical values for a selected observable, respectively, and σ i is the adopted error which is used to balance the relative weights of the various types of observables.
We include the following experimental data of a number of spherical even-even nuclei in the fit: (i) the binding energies [33] . To regulate the respective χ 2 for each sort of observable to be roughly equal to the number of corresponding data points, we assign a theoretical error 1.5 MeV to E B , 0.015 fm to r c while use the experimental error multiplied by a factor 3.54 for ISGMR energy E GMR . In addition, the following constraints are considered in the optimization: (i) the critical density ρ cr should be greater than 1.2 fm −3 ; (ii) the neutron 3p 1/2 − 3p 3/2 energy level splitting in 208 Pb should lie in the range of 0.8 − 1.0 MeV; (iii) the pressure of symmetric nuclear matter should be consistent with the constraints in the density region of 2ρ 0 < ρ < 4.6ρ 0 obtained from analyzing flow data in heavy-ion collisions [36] ; (iv) the EOS of pure neutron matter should conform to the predictions of the latest chiral effective field theory calculations with controlled uncertainties [14] . Furthermore, we fix the values of the magnitude E sym (ρ c ) and density slope L(ρ c ) of the symmetry energy at ρ c = 0.11 fm −3 to be equal to those extracted from the isotope binding energy difference [47] and the electric dipole polarizability in 208 Pb [83] 1m is imposed to be consistent with the extraction from global nucleon optical potentials constrained by world data on nucleon-nucleus and (p,n) charge-exchange reactions [85, 86] .
IV. RESULTS AND DISCUSSIONS
Using the fitting procedure described in the previous section, we obtain three extended Skyrme interactions, namely, eMSL07, eMSL08 and eMSL09. Tab. I lists the values of the Skyrme parameters and the corresponding χ 2 . In the following, we discuss their performances in describing properties of spherical nuclei, nuclear matter and neutron stars. For comparison, we also show the corresponding results obtained with three typical interactions from Brussels group [27] , i.e., BSk22, BSk24 and BSk26, which adopt the similar extended Skyrme interaction as in our present work and have been used to construct the HFB mass models. The BSk22 and BSk24 parameter sets are adjusted to fit the EOS of neutron matter obtained by BHF calculations using Argonne V 18 two-body force with compatible microscopic nuclear three-body forces [87] , while BSk26 is adjusted to fit the well known Akmal-Pandharipande-Ravenhall (APR) EOS of neutron matter [9] . The symmetry energy value at saturation density is fixed at E sym (ρ 0 ) = 32 MeV for BSk22 and at E sym (ρ 0 ) = 30 MeV for both BSk24 and BSk26. In addition, the BSk family are also constrained to reproduce several properties of nuclear matter and to support the heaviest observed neutron stars [27] . For properties of finite nuclei, the BSk family are constructed based on Hartree-Fock-Bogoliubov (HFB) calculations with a microscopic pairing force and includes several additional corrections (e.g., the phenomenological Wigner terms and correction terms for the spurious collective energy) to better fit nuclear masses. In Fig. 1 , we present the relative deviations of the binding energies and charge rms radii for a number of spherical nuclei calculated with the three new interactions eMSL07, eMSL08 and eMSL09 from the corresponding experimental data [80] [81] [82] shown in Fig. 1 . Fig. 1 . These results clearly indicate that the BSk family make a significant improvement on the description of the binding energy compared with the eMSL family, while the eMSL family give a better description of the charge rms radius, at least for the spherical even-even nuclei shown in Fig. 1 . We would also like to point out that, in our fits and calculations, the pairing effects are treated within the framework of BCS theory with the constant gap approximation. This treatment of the pairing should be reasonable for the fitted nuclei in the present work since they are essentially (semi-)doubly magic nuclei for which the pairing effects are unimportant. For the nuclei with neutron or proton number deviating from magic number, the pairing effects might be important, and the more sophisticated Bogoliubov treatment with a microscopic pairing force as well as some additional corrections, such as the Wigner terms and the spurious collective energy, can better reproduce the binding energy over the whole nuclear chart as demonstrated in the HFB calculations (see e.g. Ref. [22, 23, 27, 30] and references therein). Therefore, while the present eMSL family can reasonably describe the binding energies and charge rms radii of the groundstate spherical even-even nuclei, using the more sophisticated treatment of the pairing effects and including some additional corrections (e.g., the Wigner terms and the spurious collective energy) are important to improve the description of the binding energy over the whole nuclear chart. In addition, in the present work, we only focus on the spherical nuclei without considering nuclear deformation which should be important for the description of nuclei in the whole nuclear chart. Nevertheless, a very accurate description of the binding energy over the whole nuclear chart is beyond the scope of the present work and this could be pursued in future.
Furthermore, the first three rows in Tab. I show that the variation of the effective masses has little impact on the fitting quality for the data of the binding energies and charge radii. Moreover, the χ 2 for the binding energy and charge radius calculated with the three interactions (see Table I ) suggest that the binding energy data prefer a larger m * s,0 while the charge radius data favor a smaller m * s,0 , and these features are consistent with the results in the SHF model with the standard Skyrme interactions [89] .
The neutron skin thickness ∆r np = r 2 n 1/2 − r 2 p 1/2 , i.e., the difference of the neutron and proton rms radii, is of particular importance for the study of the density dependence of the symmetry energy. Mean field calculations using many different relativistic and nonrelativistic interactions have indicated that the neutron skin thickness is strongly correlated to the density slope L(ρ 0 ) of the symmetry energy at saturations density [90] [91] [92] . Moreover, in Ref. [47] , we find the neutron skin thickness of heavy nuclei is uniquely determined by L(ρ c ) at a subsaturation density ρ c = 0.11 fm Table III in the following).
The single-particle spectra are also important observables and have profound impacts on the properties of super-heavy nuclei [96] . However, it is known that the HF approach can not well describe the single-particle energies due to the self-interaction error [15] , and thus we have not included them in our present fit. Unlike the single-particle energies, their differences among particle states or hole states (e.g., the spin-orbit splitting without crossing the shell gap), are believed to be robust observables which can be safely compared with the results of HF calculations [15] . Here we list in last row of Tab. I the neutron 3p 1/2 − 3p 3/2 energy level splitting in 208 Pb, ǫ [33] and RCNP group [34, 35] . It can be seen that the three new interactions predict very similar and overall reasonable monopole response properties.
B. Properties of nuclear matter
In this subsection we discuss the properties of infinite nuclear matter predicted by the three new extended Skyrme interactions. We present in Tab. III the values of a number of macroscopic quantities in the SHF model with MSL07, eMSL08 and eMSL09. The corresponding results with the BSk22, BSk24 and BSk26 interactions [27] are also included in Tab. III for comparison. One can see that the eMSL family predict very similar and reasonable macroscopic quantities at saturation density. In particular, the values of the magnitude and density slope of the symmetry energy, E sym (ρ 0 ) and L(ρ 0 ), are essentially consistent with other constraints obtained from analyzing terrestrial experiments and astrophysical observations as well as the predictions of theoretical calculations [14, [97] [98] [99] [100] . The calculated results of higherorder coefficients J 0 and K sym (ρ 0 ) with the eMSL family are also in very good agreement with their empirical values [67, 69, 70] . Compared with the eMSL family, the BSk family give larger K 0 and J 0 , and thus predict stiffer EOSs of SNM, especially at high densities, which may have considerable effects on neutron star properties. Moreover, the BSk family predict rather different values of isovector macroscopic quantities L(ρ 0 ) and K sym (ρ 0 ) which suggests they lead to very different density dependence of the symmetry energy especially in high-density region. In the following, we will give a more detailed discussion on the EOSs obtained with the six extended Skyrme interactions.
In the last row of Tab. III, we also show the values of the second-order symmetry coefficient K sat,2 = K sym − (6 + J 0 /K 0 )L for the isobaric incompressibility of asymmetric nuclear matter [67] , for the six extended Skyrme interactions. It is generally believed that the coefficient K sat,2 can be extracted from the ISGMR energy E GMR of neutron-rich nuclei which is related to the incompressibility of finite nuclei, K A , through the relation [101] 
In the leptodermous approximation, K A can be expressed as [101] 
with K v , K s , K τ , K c being the volume, surface, isospin and Coulomb terms, respectively. Here high order terms in powers of A 1/3 and (N − Z)/A are neglected, and the K τ parameter is usually thought to be equivalent to the K sat,2 parameter. By fitting ISGMR energies of Sn and Cd isotopes using the above formula, Li et al. and Patel et al. obtained K τ = −550 ± 100 MeV and K τ = −555 ± 75 MeV, respectively [34, 102, 103] . And a recent analysis of the ISGMR experimental data by Stone et al. leads to a constraint of −840 < K τ < −350 MeV with a large uncertainty [104] . The magnitudes of these constrained K τ are essentially larger than those of K sat,2 predicted by the three new interactions as well as the BSk interactions. At this point, it should be pointed out that, since the extracted values of K τ are contaminated by contributions of high-order terms which are neglected in Eq. (39), one should not directly compare them against the value of K sat,2 from the SHF calculations [104, 105] . From Tab. III, one can see that while the eMSL family predict similar K sat,2 , the BSk family, especially BSk24, predict larger values of K sat,2 . It is interesting to see that the predictions of both eMSL family and BSk family are all in very good agreement with the estimated value of K sat,2 = −370 ± 120 MeV obtained from a standard SHF model [67] analysis on the symmetry energy constrained in heavy-ion collisions [50, 106] . To date the accurate determination of K sat,2 remains an open challenge.
To see more clearly the nuclear matter properties, we show in Fig. 2 the pressure of symmetric nuclear matter P SNM (ρ), the binding energy per neutron in pure neutron matter E PNM (ρ) and the symmetry energy E sym (ρ) as functions of densities for eMSL07, eMSL08, eMSL09, BSk22, BSk24 and BSk26. For comparison, Fig. 2 also includes the constraints on P SNM (ρ) in the density region of 2ρ 0 -4.6ρ 0 from analyzing the flow data in relativistic heavy-ion collisions (Flow Data) [36] ; the predictions on E PNM (ρ) at subsaturation densities from ChEFT calculations using next-to-next-to-next-to-leading order (N3LO) potential (ChEFT) [14] ; the constraints on the density dependence of the symmetry energy at subsaturation densities from transport model analyses of midperipheral heavy-ion collisions of Sn isotopes (HIC) [50] and the SHF analyses of isobaric analog states (IAS) as well as combing additionally the neutron skin data (IAS+NSkin) [46] . In addition, the constraints (α D in 208 Pb) on E PNM (ρ) and E sym (ρ) extracted recently from analyzing the electric dipole polarizability α D in
208
Pb [49] are also displayed in Fig. 2 (b) and (c), respectively. It can be seen that, compared with the BSk interactions, the eMSL family predict relatively softer EOSs of SNM at supra-saturation densities while stiffer symmetry energies at subsaturation densities. We also notice that the eMSL family predict very similar symmetric nuclear matter properties even up to 5ρ 0 as well as almost the same pure neutron matter EOS and the density dependence of the symmetry energy at subsaturation densities. As we mentioned before, the EOS of symmetric nuclear matter can be well constrained by the proper- ties of finite nuclei and experimental data of heavy-ion collisions. It is not surprising to see that the three new extended Skyrme interactions predict almost the same E PNM (ρ) and E sym (ρ) at subsaturation densities, as the magnitude and density slope of the symmetry energy at ρ c = 0.11 fm −3 , namely E sym (ρ c ) and L(ρ c ), are imposed to be 26.65 MeV and 47.3 MeV, respectively. This condition guarantees the eMSL family predict reasonable density dependence of the symmetry energy or the EOS of asymmetric nuclear matter below and around ρ 0 .
Overall, for the properties of nuclear matter below and around saturation density, the eMSL and BSk family give quite similar predictions. The eMSL family make a small improvement on the supra-saturation density behaviors of symmetric nuclear matter for which the BSk interactions predict a little too large pressure around 2ρ 0 and above 4ρ 0 compared with the constraint from flow data in heavy-ion collisions [36] , as shown in Fig. 2 (a) . In addition, the EOSs of pure neutron matter given by the eMSL family are in better agreement with the recent constraint obtained from analyzing the α D data of 208 Pb [49] as well as the predictions from the recent ChEFT calculations using N3LO potential [14] , as shown in Fig. 2 (b) .
For high-density behaviors of the symmetry energy, we exhibit in the upper panel of Fig. 3 the symmetry energy E sym (ρ) as a function of density up to 1 fm −3 for the eMSL and BSk family. One can see that all these extended Skrme interactions except BSk26 predict a soft symmetry energy below and around saturation density but a stiff symmetry energy at supra-saturation densities. For the BSk26 interaction, the symmetry energy almost remains constant in the density region of ρ > 2ρ 0 . In addition, the eMSL09 and BSk24 interactions predict very similar high-density behaviors of the symmetry energy. It is interesting to see that the symmetry energy predictions from the eMSL family are consistent with the constraint from very low density to 3ρ 0 obtained recently by extrapolating the well constrained subsaturation density symmetry energy based on systematics of various relativistic and nonrelativistic EDFs [107] . Given the present poor knowledge on the high-density behaviors of the symmetry energy, we show in the lower panel of Fig. 3 the comparison of the pure neutron matter EOS E PNM (ρ) as a function of density ρ for the eMSL and BSk family with the predictions of nonrelativistic BHF calculations using realistic Argonne V 18 force together with compatible microscopic three microscopic three-body forces [87] and the well known APR EOS using the realistic A18+δv + UIX * interaction [9] . One can see that the extended Skyrme interactions predict very reasonable neutron matter EOSs that are consistent with the microscopic calculations. In particular, the EOS of pure neutron matter with eMSL09 is very close to that with BSk24 as well as the BHF cal- is taken from Ref. [107] . The EPNM(ρ) of APR is taken from Ref. [9] while that of BHF is from Ref. [87] .
culations, while those with eMSL07 and eMSL08 lie between the APR and BHF EOSs. We would like to emphasize that the main difference of nuclear matter properties for the three new extended Skyrme interactions is the high-density behaviors of the EOS of asymmetric nuclear matter or the symmetry energy. This is partly because of the variation of m * s,0 and m * v,0 values in these extended Skyrme interactions, which has essential impacts on the H eff (i.e., Eq. (6)) and is related to the momentum dependence of the three body forces. Therefore, the additional momentum and density dependent two-body forces which effectively simulate the momentum dependence of the three-body force may play an important role for the high-density behaviors of the EOS of asymmetric nuclear matter. The three new extended Skyrme interactions constructed in the present work predict very similar properties of nuclear matter below and around saturation density but different highdensity behaviors of the symmetry energy, and thus are potentially useful for the investigation of the currently largely uncertain high-density behaviors of the symmetry energy.
C. Landau parameters
We calculate the density dependence of the Landau parameters of symmetric nuclear matter and pure neutron matter according to the explicit expressions in Refs. [22, 23] with the eMSL and BSk family, and the results are exhibited in Fig. 4 and Fig. 5 , respectively. One can see that for the three new extended Skyrme interactions, all the Landau parameters, except F 0 for symmetric nuclear matter, satisfy the stability conditions at densities up to 1.2 fm −3 and thus guarantee the stability of symmetric nuclear matter and pure neutron matter from subsaturation densities to very high densities. The instability of symmetric nuclear matter at densities below about 0.1 fm −3 determined by the value of F 0 corresponds to the well-known spinodal instability, which is physical and is believed to be related to the liquidgas phase transition in nuclear matter and the multifragmentation phenomenon observed in heavy-ion collisions at intermediate energies [108, 109] . In the spinodal instability region of symmetric nuclear matter, the squared sound velocity or the incompressibility of symmetric nuclear matter is negative (see, e.g., Eq. (32) and the relation mv 2 s ≈ K(ρ)/9). At densities beyond 1.2 fm −3 , both symmetric nuclear matter and pure neutron matter become unstable in the spin-isospin channels, and the density ρ = 1.2 fm −3 is thus the critical density for the eMSL interactions. For BSk24 and BSk26 interactions, these instabilities are eliminated at even higher densities. For the interaction BSk22, the instabilities are also eliminated at very higher densities except that the ferromagnetic instability in pure neutron matter will appear in the density region from 0.34 fm −3 to 1.02 fm
where one has G (n) 0 < −1. The large value of 1.2 fm −3 of the critical density ensures that the three new extended Skyrme interactions obtained in the present work can be used safely to calculate the structure of neutron stars. As we will see later, the center densities of the neutron stars with largest mass configuration obtained with eMSL07, eMSL08 and eMSL09 are all less than ρ = 1.2 fm −3 . To close this subsection, we list in Tab. IV the values of all the twelve Landau parameters of symmetric nuclear matter and pure neutron matter at saturation density in the SHF model with the eMSL and BSk family. In the following, we discuss the mass-radius relation of static neutron stars, which is obtained by solving the famous Tolman-Oppenheimer-Volkov (TOV) equation [110, 111] , i.e.,
where r is the radial coordinate, M (r) is the gravitational mass inside the sphere of radius r, ǫ(r) and P (r) are, respectively, the corresponding energy density and pressure of the neutron star matter at r, and G is Newton's gravitational constant, To solve the TOV equation, an EOS of neutron star matter P (ǫ) is necessary. In the present work, we assume the core of neutron stars consists of neutron, proton, electrons and possible muons without phase transition and other degrees of freedom at high densities. Then the EOS of neutron star matter is constructed in the following way: for the core, we calculate the EOS of npeµ matter in SHF model using the extended Skyrme interactions; for the outer crust, we use the EOS of BPS (FMT) in the region of 6.93 × 10 −13 fm −13 < ρ < ρ out (4.73 × 10 −15 fm −3 < ρ < 6.93 × 10 −13 fm −3 ) [112] ; for the inner crust in the density region between ρ out and ρ t we construct its EOS by interpolation with the form [113, 114] 
In this work, the critical density between the inner and the outer crust is taken to be ρ out = 2.46 × [113, 114] , and ρ t is the core-crust transition density which is evaluated self-consistently using the extended Skyrme interactions within the thermodynamic method (see, e.g., Ref. [114] ). We present in Tab. V the maximum mass M max , the center density ρ cen max of the maximum mass neutron star configuration, the radius of 1.4M ⊙ neutron star R 1.4 and the core-crust transition density ρ t for eMSL07, eMSL08, eMSL09, BSk22, BSk24 and BSk26 [27] . It can be seen that all the six extended Skyrme interactions can successfully support 2M ⊙ neutron stars. From the results of the eMSL family, one can find that the interaction with a stiffer symmetry energy at high-density region predicts a larger maximum mass and a larger stellar radius for a canonical neutron star with mass of 1.4M ⊙ . In addition, as mentioned earlier, the values of ρ cen max for the three new extended Skyrme interactions are all less than the critical density of ρ cr = 1.2 fm −3 . For the core-crust transition density ρ t , which is strongly correlated with L(ρ c ) or L(ρ 0 ) [68, 83] , the eMSL interactions also produce very similar values that are consistent with the empirical value [1] as well as the result with BSk interactions.
Shown in Fig. 6 is the mass-radius relation of static neutron stars obtained with eMSL09, eMSL08, eMSL07, BSk22, BSk24 and BSk26 [27] . It is interesting to see that the BSk24 interaction predicts smaller radii for lowmass neutron stars while larger radii for high-mass neutron stars. This could be due to the fact that the BSk24 interaction predicts a softer symmetry energy around saturation density while stiffer SNM EOS and symmetry energy at supra-saturation densities. The horizontal bands in Fig. 6 indicate the measured masses M = 1.97 ± 0.04M ⊙ [31] and M = 2.01 ± 0.04M ⊙ [32] of the two heaviest neutron stars PSR J1614-2230 [31] and PSR J0348+0432 [32] , respectively. For comparison, we also show in Fig. 6 the constraints on the radii of neutron stars by Steiner et al. from analyses of three X-ray bursters and three transient low-mass X-ray binaries [115] . It should be noted that, by analyzing the same data sets using more sophisticated atmosphere models, Suleimanov et al. concluded that the lower limit on the stellar radius is 14 km for masses below 2.3M ⊙ [116] , which is included in Fig. 6 for comparison. Indeed, large systematic uncertainties in the analysis of X-ray bursters have hindered the reliability of these results. Another way to extract the radii of neutron stars is from the observation of quiescent low mass X-ray binaries (qLMXB) in globular clusters. By assuming the neutron star radius is independent on mass, namely R(M ) = R 0 , Guillet et al. [117] determined a rather small stellar radius of R 0 = 9.1 +1.3 −1.5 km within 90% confidence level from fitting the spectra of five qLMXBs, which is also displayed in Fig. 6 for comparison. Note that the assumption R(M ) = R 0 is rather strong and the additional conditions of causality together with 2M ⊙ neutron stars may change the result [118] . Therefore, the accurate determination of the radius of neutron stars, which can put a stringent constraint on the density dependence of the symmetry energy beyond saturation density [119] , is still a big challenge. The radii of the 1.4M ⊙ neutron star (∼ 12.5 km) predicted by the eMSL family are in very good agreement with recent studies based on nuclear experiments and theoretical calculations of pure neutron matter (see, e.g., Ref. [118] and references therein).
V. CONCLUSIONS
Within the framework of the extended Skyrme interaction which includes additional momentum and density dependent terms to simulate the momentum dependence of three-body nuclear force, we have constructed three new extended Skyrme interactions, namely, eMSL07, eMSL08 and eMSL09, by fitting experimental data of a number of finite nuclei together with a few additional constraints on nuclear matter with the simulated annealing method. We have shown that the eMSL family of extended Skyrme interactions can reasonably describe the ground-state properties and the isoscalar giant monopole resonance energies of various spherical nuclei used in the fit as well as the ground-state properties of many other spherical nuclei, and conform to various most recent con-straints on nuclear matter EOS from theory, experiment and observation. The high-density EOSs of pure neutron matter for the three new extended Skyrme interactions are also consistent with the predictions of the microscopic calculations using realistic nuclear forces. Moreover, the three new extended Skyrme interactions successfully eliminate the unphysical instabilities in nuclear matter at densities up to about 7.5ρ 0 , and so the eMSL family constructed in the present work are suitable for the study of neutron stars. We have used the three new extended Skyrme interactions to study the mass-radius relation of neutron stars and our results indicate that the eMSL family can support 2M ⊙ neutron stars and predict very reasonable stellar radii.
We have also made comparison for the predictions of finite nuclei, nuclear matter and neutron stars with the three new eMSL interactions versus those with the accurately calibrated interactions BSk22, BSk24 and BSk26. Although obtained through very different fitting strategies, the new eMSL interactions and BSk interactions give quite similar predictions for nuclear matter and neutron stars with the main difference appeared for some higher-order characteristic parameters of asymmetric nuclear matter, e.g., J 0 , L, K sym , and K sat,2 . For finite nuclei, while the present eMSL family in Hartree-Fock calculations with the BCS pairing framework under the constant gap approximation can reasonably describe the binding energies and charge rms radii of the ground-state spherical even-even nuclei as well as the isoscalar giant monopole resonance energies of several representative finite nuclei, we have noted that the more sophisticated Bogoliubov treatment for pairing effects with a microscopic pairing force as well as some additional corrections, such as the Wigner terms and the spurious collective energy, can significantly improve the description of the binding energy over the whole nuclear chart as demonstrated in the Hartree-Fock-Bogoliubov calculations with BSk22, BSk24 and BSk26. We would like to point out that a very accurate nuclear mass model over the whole nuclear chart is beyond the scope of the present work and perhaps this could be pursued in future.
In conclusion, by including the additional momentum and density dependent two-body terms in the Skyrme interaction, which effectively simulate the momentum dependence of three-body nuclear force, we have constructed three new extended Skyrme interactions, namely, eMSL07, eMSL08 and eMSL09, which can simultaneously well describe nuclear matter, finite nucle and neutron stars. The three new eMSL interactions predict very similar properties of finite nuclei and nuclear matter below and around saturation density but different high-density behaviors of the symmetry energy, and thus they are potentially useful for the study of the currently largely uncertain high-density symmetry energy. In the SHF model with the extended Skyrme interaction given in Eqs. (1) and (2), the EOS of asymmetric nuclear matter can be expressed as [22] E(ρ, δ) = 3 
where m is the nucleon mass, k F is the Fermi momentum of symmetric nuclear matter, i.e.,
and F x (δ) is expressed as
By setting δ = 0 in Eq. (A1), one can obtain the EOS of symmetric nuclear matter as [22] E 0 (ρ) = 3 The incompressibility K 0 and skewness parameter J 0 of symmetric nuclear matter can then be easily derived with Similarly, the symmetry energy (Eq. (A7)) can be rewritten as
where we have In the extended SHF model with fixed β and γ, the thirteen coefficients s 0 ∼ s 5 , ω 0 ∼ ω 5 and α can be explicitly expressed in terms of thirteen macroscopic quantities ρ 0 , E 0 (ρ 0 ), K 0 , J 0 , E sym (ρ r ), L(ρ r ), K sym (ρ r ), G S , G V , G SV , G Once given the thirteen macroscopic quantities, one can obtain s 0 ∼ s 5 , ω 0 ∼ ω 5 and α by invoking the above expressions, and then the Skyrme parameters can be easily obtained.
